ABSTRACT. I provide a construction of intrinsic weakly Ulrich bundles of large rank on any smooth complete surface in P 3 over fields of characteristic p > 0 and also for some classes of surfaces of general type in P n . I also construct intrinsic weakly Ulrich bundles on any Frobenius split variety of dimension at most three. The bundles constructed here are in fact ACM and weakly Ulrich bundles and so I call them almost Ulrich bundles. Frobenius split varieties in dimension three include as special cases: (1) smooth hypersurfaces in P 4 of degree at most four, (2) Frobenius split, smooth quintics in P 4 (3) Frobenius split Calabi-Yau varieties of dimension at most three (4) Frobenius split (i.e ordinary) abelian varieties of dimension at most three.
INTRODUCTION
It has been conjectured in ( [3] ) that Ulrich bundles (and hence weakly Ulrich bundles) exist on any projective variety. At the moment this is known only for a handful of cases and mostly in characteristic zero (see [1] ). In Theorem 3.1 I construct, under mild assumptions on the degree and (positive) characteristic, a weakly Ulrich bundle on surfaces of general type in P 3 . As will be evident from my proof, a similar construction also provides weakly Ulrich bundles on smooth, projective complete intersection surfaces of general type. All of the bundles constructed here are also arithmetically Cohen-Macaulay (ACM) bundles and I call such bundles almost Ulrich bundles.
In Theorem 4.1 I provide a construction of almost Ulrich bundles on a class of surfaces of general type which includes smooth quintic surfaces in P 3 . In Theorem 5.4 I provide a construction of an intrinsic almost Ulrich bundle on any Frobenius split variety of dimension at most three. In (Corollaries 5.5-5.8) I record a number of special cases which are of particular interest: any Frobenius split (i.e. ordinary) abelian surface (or threefold), any Frobenius split (i.e. ordinary) K3 surface, and any ordinary or Frobenius split, Calabi-Yau threefold and finally Frobenius split Fano surface or threefold. In particular to quadric and cubic surfaces (in P 3 ) and quadric, cubic or quartic hypersurfaces in P 4 . This also applies (rather trivially) to any embeddings P 2 ֒→ P n (resp. P 3 ֒→ P n ) as any projective space is Frobenius split (see [8] for comparison of Frobenius splitting and ordinarity).
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ULRICH, WEAKLY ULRICH AND ALMOST ULRICH BUNDLES
In this section the following notations are in force. Let X be a smooth, projective variety of dimension dim(X) = q with X ֒→ P n and equipped with O X (1) provided by this embedding. Let E be a vector bundle on X. Then following ( [3] ) one says that E is a weakly Ulrich bundle on
One says that E is an Ulrich bundle on X if it satisfies the following conditions:
e. E is arithmetically Cohen-Macaulay), and
Reader should consult ( [3] ) or the excellent survey ( [1] ) for more on Ulrich and weakly Ulrich bundles. The bundles I construct here are not Ulrich bundles but they satisfy a stronger condition than being weakly Ulrich. I call such bundles almost Ulrich bundles. More precisely one says that E is an almost Ulrich bundle if E is weakly Ulrich and an ACM bundle. Explicitly a bundle is almost Ulrich bundle if and only if the following conditions are satisfies:
(
e. E is arithmetically CohenMacaulay), and (3) H 0 (E(−m)) = 0 for all m ≥ 2.
In particular a bundle E is Ulrich if and only if E is almost Ulrich and
and so in particular one has the implications E is Ulrich =⇒ E is almost Ulrich =⇒ E is weakly Ulrich.
WEAKLY ULRICH BUNDLES ON SURFACES IN P 3
For a smooth, projective variety X let ω X be its canonical bundle i.e. the dualizing line bundle of X. In this section I write deg(X) = d.
Theorem 3.1. Let X ⊂ P 3 be a smooth projective surface of degree deg(X) = d defined over an algebraically closed field of characteristic p > 0. Let F : X → X be the absolute Frobenius morphism of X. Let E = (F * O X (d − 3))(1) and assume d − 3 < p. Then E is an almost Ulrich bundle on X.
Lemma 3.2. In the above notation
Proof. This is standard as line bundles on P 3 have no cohomology in dimensions one and two and as X is a hypersurface (see [6] ).
Lemma 3.3. With notation as above one has
Proof. This is standard as X ⊂ P 3 is smooth hypersurface of degree d (see [6] ).
Proof. It was observed more generally in ( [7] ) that if V is an ACM bundle then F * (V ) is an ACM bundle. But let me provide a proof of what is asserted here for completeness. Observe that by the projection formula for F one has
and as Frobenius is a finite flat morphism one sees that for all i ≥ 0 one has
and by Lemma 3.2 this is zero. This proves the claim.
Proof. To prove Theorem 3.1 I have to prove the following vanishing holds:
Lemma 3.4 establishes the vanishing of H 1 (E(m)) for all m ∈ Z and hence also in the required range for (V.2). Let me prove (V.1). By (3.6) one has to prove that
which is clear. So now assume m < 0 which says
This proves (V.1). Let me prove (V.3) which says
Observe that m ≥ 2 says that 1 − m ≤ −1 and hence to prove the required vanishing it suffices to check that
and by my hypothesis d − 3 < p so this vanishing is also proved.
WEAKLY ULRICH BUNDLES ON A CLASS OF SURFACES OF GENERAL TYPE
The method introduced above can be applied to some other situations. Here is a variant of the method sketched above.
Theorem 4.1. Suppose X is a smooth, projective and minimal surface of general type and that ω X very ample and provides an embedding X ֒→ P n and X equipped with O X (1) = ω X given by this embedding. Assume
(1) (1) is an almost Ulrich bundle on X.
Proof. It is important to note that I do not assume that Kodaira vanishing holds for X. I claim that I claim that H 1 (ω X (m)) = 0 for all m ∈ Z. This is immediate from the above vanishing as O X (1) = ω X . Next I claim that
Thus to prove the theorem it remains to prove H 2 (E(−m)) = 0 for m ≤ 1 and ) with 1 + p(1 − m) ≤ −1 and so one is done by ampleness. So E is weakly Ulrich and ACM hence E is an almost Ulrich bundle as claimed.
Remark 4.2. Let me remark that surfaces which satisfy the hypothesis of Theorem 4.1 exist for example a quintic surface X ⊂ P 3 satisfies all the hypothesis of the theorem.
WEAKLY ULRICH BUNDLES ON FROBENIUS SPLIT VARIETIES OF DIMENSION AT MOST

THREE
Let X/k be a smooth, projective variety of dimension dim(X) = q over an algebraically closed field k of characteristic p > 0. Let F : X → X be the absolute Frobenius morphism of X. Then one has an exact sequence (which can be taken to be the defining the vector bundle B 
X ) = 0 for all i ≥ 0. Let us note that if X is a smooth, projective and Frobenius split curve then X ≃ P 1 or X is an ordinary elliptic curve. In this case existence of Ulrich bundles is elementary and can be treated as in [7] (where I was primarily concerned with the case of curves of genus at least two).
For Frobenius split varieties one has the following vanishing theorem due to ( [9] ). This result is stronger than Kodaira vanishing theorem (note that this form of the result is not stated in loc. cit.).
Theorem 5.3. [ [9] ] Let X/k be a smooth, projective and Frobenius split variety and suppose L is an ample line bundle on X. Then (1) H i (X, L) = 0 for all i > 0, and
Theorem 5.4. Let X be a Frobenius split variety of dimension dim(X) = q ≥ 2 with an embedding X ֒→ P n and equipped with O X (1) given by this embedding. Let E = B
Proof. In ( [7] ) it was shown that under the above hypothesis of (1) that B 1 X is an ACM bundle on X and hence so is E = B 1 X (q − 1). Thus it follows that E = B 1 X (q − 1) has no cohomology in dimensions 1 ≤ i ≤ q − 1 = dim(X) − 1. Now let me prove Theorem 5.4(1). To prove that E is weakly Ulrich bundle one has to deal with cohomologies in dimensions i = 0, q. So we have to prove:
Let me begin by proving (C.1). As (5.1) splits, cohomology of B 1 X and all its twists is a direct summand of the cohomology of F * (O X ) and its twists. By projection formula
and hence to prove that H q (E(−m)) = 0 in the asserted range it suffices to prove the vanishing of
First let us deal with the exceptional case is q − 1 − m = 0 i.e. for m = q − 1 and in this case by (5.2) one has H q (E(−(q − 1))) = H q (B 1 X ) = 0 by Lemma 3.6. So one can assume that m < q − 1 and in this case that O X (p(q − 1 − m)) is ample (for all m < q − 1), and as X is Frobenius split so by Theorem 5.3 so one has that
So now it remains to prove (C.2). As H 0 (E(−m)) is a direct summand of H 0 (O X (p(q−1−m))) one sees that if m ≥ q then q − 1 − m ≤ q − 1 − q < 0 so one can appeal to Kodaira vanishing theorem of ( [9] ). So it remains to deal with the range 2 ≤ m ≤ q − 1. If m = q − 1 then q − 1 − m = 0 and so one has to prove that
X ) = 0 which is the case by (5.2). For 2 ≤ m ≤ q − 2 the required vanishing is our hypothesis. This completes the proof of Theorem 5.4 (1) .
Observe that Theorem 5.4(1) =⇒ Theorem 5.4(2) since for q = 2, 3 the condition 2 ≤ m ≤ q − 2 is vacuously true. Hence one sees that for q = 2, 3 the bundle E = B 1 X (q − 1) is a weakly Ulrich bundle and for all q ≥ 2 E is also an ACM bundle on X.
Finally note that if q = 1 then B 1 X (1) is an Ulrich bundle on X is immediate from ( [7] ) as any smooth, projective curve is Frobenius split curve if and only if X = P 1 (which is also ordinary) or X is an ordinary elliptic curve (for a comparison of ordinary and Frobenius split varieties reader should consult [8] ).
This result includes the following special cases:
Corollary 5.5. Let X/k be a smooth, projective Frobenius split Calabi-Yau variety with 2 ≤ dim(X) ≤ 3 (in particular any ordinary K3 surface) then E = B 1 X (q − 1) is an almost Ulrich bundle on X.
Corollary 5.6. Let X/k be an abelian surface or an abelian threefold then E = B 1 X (q − 1) is an almost Ulrich bundle on X.
Corollary 5.7. Let X/k be a smooth, projective, Frobenius split and Fano variety dimension with 2 ≤ dim(X) ≤ 3. Then E = B 1 X (q − 1) is an almost Ulrich bundle on X. Note that P n is a Frobenius split Fano variety in any dimension n ≥ 1. Hence the above corollary also applies (quite trivially) to any smooth embeddings X = P 2 ֒→ P n and X = P 3 ֒→ P n . In particular as any Fano hypersurface in P n is Frobenius split by ( [5] ) one has the following:
Corollary 5.8. Let X/k be any smooth, Fano hypersurface of dimension with 2 ≤ dim(X) ≤ 3 in P n (so n = 3, 4 and degree of X is at most n) then E = B 1 X (q − 1) is an almost Ulrich bundle on X.
Remark 5.9. Let me remark that in Theorem 5.4 the bundle E = B 1 X (q − 1) also satisfies H 0 (E(−1)) = 0 so E is an almost Ulrich bundle which fails to be Ulrich only because H q (E(−q)) may not be zero.
